On two cardinal inequalities involving free sequences  by Bella, Angelo
Topology and its Applications 159 (2012) 3640–3643Contents lists available at SciVerse ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
On two cardinal inequalities involving free sequences
Angelo Bella
Department of Mathematics, University of Catania, Citta’ Universitaria, Viale A. Doria 6, 95125 Catania, Italy
a r t i c l e i n f o a b s t r a c t
Article history:
Received 26 April 2012
Received in revised form 10 September
2012
Accepted 11 September 2012
MSC:
54A25
54D35
Keywords:
Free sequence
c-Free sequence
Lindelöf
Almost Lindelöf
Power homogeneous
Power θ-homogeneous
Gcκ -modiﬁcation
Cardinality
By using a stronger notion of free sequence, we improve two cardinal inequalities. We
also answer a question of Carlson, Porter and Ridderbos on the cardinality of a power
θ-homogeneous space.
© 2012 Elsevier B.V. All rights reserved.
Recently Spadaro (and independently Juhász) [6] obtained a strengthening of the celebrated Arhangel’skiı˘–Sapirovskiı˘’s
inequality |X | 2L(X)t(X)ψ(X) , true for any Hausdorff space X . Spadaro managed to replace the tightness t(X) with the free
sequence number F (X). This is a proper improvement because F (X)  L(X)t(X) always holds and the strict inequality
L(X)F (X) < t(X) can occur.
More recently, Carlson, Porter and Ridderbos [2] managed to do the same with the inequality |X | 2L(X)t(X)pct(X) , true
for any power homogeneous Hausdorff space X [3].
A space is homogeneous if for any pair of points there is a homeomorphism sending one point to the other. A space is
power homogeneous if some power of it is homogeneous.
In this short note, our aim is to prove a further strengthening of the two results mentioned above, by using a stronger
notion of free sequence. We must say that our results are meaningful in the non-regular case only.
The key point in [2] is an estimate of the Lindelöf degree of the Gκ -modiﬁcation of a space. This allowed the authors to
give also an alternative proof of Juhász–Spadaro’s inequality. Our focus here will be on the Gcκ -modiﬁcation of a space. This
approach will also allow us to answer a question of Carlson, Porter and Ridderbos [2, Question 4.9] on the cardinality of a
power θ -homogeneous space.
For notations and notions not explicitely deﬁned we refer the reader to [4]. L(X), πχ(X), d(X), ψ(X) and ψc(X) denote
respectively the Lindelöf degree, the π -character, the density, the pseudocharacter and the closed pseudocharacter. The last
one is the smallest cardinal κ such that each point (or better each singleton) in the space is the intersection of at most
κ-many closed neighbourhoods. The other cardinal function used in the text will be explicitely deﬁned.
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A set {xα: α < λ} in the space X is a free sequence provided that for each α we have {xβ : β < α}∩ {xβ : α  β < λ} = ∅.
As usual, F (X) is the cardinal sup{|F |: F free sequence in X}.
If X is a space, κ a cardinal and Y ⊆ X , the κ-closure of Y is the set [Y ]κ =⋃{A: A ∈ [Y ]κ }. The κ-closure operator is
idempotent, so [[Y ]κ ]κ = [Y ]κ . The subspace Y is κ-closed if Y = [Y ]κ .
In what follows, given a collection S of subsets of a topological space, we write S = {S: S ∈ S}.
For a space X and a set Y ⊆ X , aL(Y , X) denotes the least cardinal number κ such that for any collection U of open sets
of X with Y ⊆⋃U there exists V ∈ [U ]κ satisfying Y ⊆⋃V . aL(Y , X) is the almost Lindelöf degree of Y relative to X .
The almost Lindelöf degree relative to closed subspaces of X is the cardinal aLc(X) = sup{aL(C, X): C closed subset of X}.
For regular spaces we have aLc(X) = L(X), but in general the former is lower.
A subset A of X is a Gcκ -set if there exists a family U of κ-many open sets of X such that A =
⋂U = ⋂U . The
Gcκ -modiﬁcation X
c
κ of a space X is obtained by taking as a base the collection of all G
C
κ -sets of X . Notice that, the G
c
κ -
modiﬁcation of a space X need not be a reﬁnement of the original topology of X . For instance, for a ﬁnite cardinal κ the
topology on Xcκ is generated by the clopen sets of X .
A major role here is played by the next notion of c-free sequence.
A set {xα: α < λ} in the space X is a c-free sequence provided that for each α ∈ λ there exists a collection U of open
subsets of X such that {xβ : β < α} ⊆⋃U and ⋃U ∩ {xβ : α  β < λ} = ∅.
In a regular space a free sequence is c-free. Let Fc(X) = sup{λ: X contains a c-free sequence of length λ}.
We obviously have Fc(X) F (X) for any space X and equality holds for regular spaces.
For Hausdorff spaces these two cardinal functions can be different.
Let κ(ω) be the Katetov’s extension of ω. Recall that the underlying set of K (ω) consists of all ultraﬁlters on ω and
a fundamental system of neighbourhoods at p ∈ K (ω) is the collection {{p} ∪ A: A ∈ p}. K (ω) is Hausdorff, ω is open,
discrete and dense and K (ω) \ ω is a closed discrete set of cardinality 2c. An important point is that the topology of any
ω ∪ {p} as subspace of K (ω) is the same as a subspace of βω. This implies that for any open set U ⊆ K (ω) we have
U = ClK (ω)(U ) = ClK (ω)(U ∩ ω) = Clβω(U ∩ ω) and consequently we see that the closure of an open set in K (ω) is actually
a clopen set in βω. It is immediate to see that F (K (ω)) = 2c. Let {xα: α < λ} be a c-free sequence in K (ω). Let α < λ
and let U be a family of open subsets of K (ω) satisfying {xβ : β < α} ⊆⋃U and ⋃U ∩ {xβ : α  β < λ} = ∅. Since the set⋃U is open in βω, we see that the Lindelöf degree of {xα: α < λ}, as a subspace of βω, is λ. This implies λ  c and so
Fc(K (ω)) c.
Lemma 1. Let X be a space, Y ⊆ X, Z = [Y ]κ and G be a collection of Gcκ -sets of X . If Z ⊆
⋃G , then there exists G′ ⊆ G such that
Z ⊆⋃G′ and |G′| |Y |κ .
Proof. Let N = {⋂{S: S ∈ [[Y ]κ ]κ }}. For any z ∈ Z choose Gz ∈ G with z ∈ Gz and let U be a collection of κ-many open
sets satisfying Gz =⋂U =⋂U . For any U ∈ U we may ﬁnd SU ∈ [Y ]κ such that SU ⊆ U ∩ Y and z ∈ SU . As we have
SU ⊆ U , we have z ∈ Nz =⋂{SU : U ∈ U} ⊆ Gz and Nz ∈N . Since {Nz: z ∈ Z} ⊆N , there exists a set A ⊆ Z with |A| |N |
such that {Nz: z ∈ Z} = {Nz: z ∈ A}. It is clear that the collection G′ = {Gz: z ∈ A} covers Z and |G′| |N | |Y |κ . 
Lemma 2. Let X be a space and κ an inﬁnite cardinal. If L(X)Fc(X) κ and Y is a κ-closed subspace of X , then aL(Y , X) κ .
Proof. Assume by contradiction that aL(Y , X) > κ and ﬁx a collection U of open sets of X such that Y ⊆⋃U but no
V ∈ [U ]κ satisﬁes Y ⊆⋃V . Since L(X) κ and Y is κ-closed, for each α ∈ κ+ we may select points xα ∈ Y and families
Vα ∈ [U ]κ in such a way that:
(1) if β < α then Vβ ⊆ Vα ;
(2) {xβ : β < α} ⊆⋃Vα ;
(3) xα /∈⋃Vα .
To carry out the inductive construction, assume we have already deﬁned xβ and Vβ for any β < α. Since {xβ : β < α} ⊆ Y ,
this set is covered by U . Being also closed, by L(X) κ there is some V ′ ∈ [U ]κ such that {xβ : β < α} ⊆⋃V ′ . Then, put
Vα = V ′ ∪⋃{Vβ : β < α}. Finally, as |Vα | κ , we may pick a point xα ∈ Y \⋃Vα .
At the end of the induction, the resulting sequence {xα: α < κ+} is c-free, in contrast with our hypothesis. 
Theorem 1. If X is a space, then L(Xcκ ) 2L(X)Fc(X)κ .
Proof. We may assume κ  L(X)Fc(X). Let G be a cover of X consisting of Gcκ -sets and for any G ∈ G ﬁx a family U(G) of
open sets satisfying |U(G)|  κ and G =⋂U(G) =⋂U(G). We plan to deﬁne by transﬁnite induction for each α ∈ κ+ a
κ-closed set Fα of density not exceeding 2κ and a family Gα ⊆ G such that:
(1) if β < α then Fβ ⊆ Fα and Gβ ⊆ Gα ;
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(3) if X \⋃V = ∅ for some V ∈ [⋃{U(G): G ∈ Gα}]κ , then Fα+1 \⋃V = ∅.
Let α ∈ κ+ and assume to have already deﬁned Fβ and Gβ for each β < α. If α is a limit ordinal, then let Fα be the
κ-closure of the set
⋃{Fβ : β < α}. Obviously Fα has density not exceeding 2κ and by Lemma 1 there is a family Gˆ ∈ [G]κ
which covers Fα . Then let Gα = Gˆ ∪⋃{Gβ : β < α}. If α = γ + 1, choose a point in X \⋃V whenever the latter set is non-
empty for some V ∈ [⋃{U(G): G ∈ Gγ }]κ and let A be the set collecting all these points. Then let Fα = [Fγ ∪ A]κ . Again
by Lemma 1, we may take Gα in the appropriate way. Now, let F =⋃{Fα: α < κ+}. As F is union of an increasing chain of
κ-closed sets of length κ+ , it is still κ-closed. Since the collection G′ =⋃{Gα: α < κ+} has cardinality not exceeding 2κ ,
we are done by showing that it covers X . Assume on the contrary that there is a point p ∈ X \⋃G′ . For each G ∈ G′ we
may select an element U (G) ∈ U(G) in such a way that p /∈ U (G). Since by construction the family G′ covers F , we see
that even the open collection W = {U (G): G ∈ G′} covers F . But, by Lemma 2 we have aL(F , X) κ and so there exists a
collection V ∈ [W]κ such that F ⊆⋃V . Since the family {Gα: α < κ+} is an increasing chain, we must have V ⊆ Gα for
some α. As Fα+1 ⊆⋃V , we reach a contradiction with the closing-off condition (3). 
Now, we may formulate the promised strengthening of Juhász–Spadaro’s inequality.
Corollary 1. If X is a Hausdorff space, then |X | 2L(X)Fc(X)ψ(X) .
Proof. It suﬃces to take into account that for a Hausdorff space X we have ψc(X) L(X)ψ(X) and that the modiﬁed space
Xc
ψc(X)
has the discrete topology. 
Recall that the point compactness type of a space X , denoted by pct(X), is the smallest cardinal κ such that X has a
cover by compact sets of character at most κ in X .
In [2] the authors showed that for a Hausdorff power homogeneous space X the inequality |X |  2L(X)F (X)pct(X) holds
and then asked in Question 4.9 if the same inequality remains valid for power θ -homogeneous spaces.
We are going to prove that the answer to their question is positive and that the resulting inequality can be further
reﬁned by means of the cardinal function Fc(X).
Recall that a function f : X → Y is θ -continuous if for any x ∈ X and any open neighbourhood U of f (x) there exists
an open neighbourhood V of x such that f (V ) ⊆ U . Of course, f is a θ -homeomorphism if it is bijective and θ -continuous
in both directions. The space X is θ -homogeneous if for any x, y ∈ X there is a θ -homeomorphism f : X → X such that
f (x) = y. X is power θ -homogeneous if some power of it is θ -homogeneous.
Given a space X the semiregularization Xs is the space having as a base the collection of all regular open subsets
of X . A crucial thing here is that a space X is power θ -homogeneous if and only if its semiregularization Xs is power
homogeneous (see Proposition 4.4 in [2]).
The cardinal function Fc(X) may increase passing to closed subspaces. Again, consider the Katetov’s extension κ(ω) and
notice that we have Fc(K (ω)) = c, while Fc(K (ω) \ω) = 2c.
However, we have the following:
Lemma 3. If X is a Hausdorff space and K a compact subspace of X , then Fc(K ) Fc(X).
Proof. It suﬃces to take into account that any pair of disjoint closed subsets of K can be separated in X by open sets. 
Theorem 2. If X is a Hausdorff power θ -homogeneous space, then |X | 2L(X)Fc(X)pct(X) .
Proof. We mimic the proof of Theorem 2.13 in [2]. First, observe that in Propositions 2.10 and 2.11 the cardinal function
F (·) plays a role only for the compact subspaces and if K is a compact subspace of X , then F (K ) = Fc(K )  Fc(X) (the
former by the regularity of K , the latter by Lemma 3). So, letting κ = L(X)Fc(X)pct(X), we see as in [2, Lemma 2.10], that
πχ(X) κ . Furthermore, arguing as in Lemmas 2.11 and 2.12 of [2], we see that there exists a compact Gcκ -set K which
is contained in the closure of a set of cardinality not exceeding κ . It is easy to realize that K remains a Gcκ -set even in Xs .
Since πχ(Xs) πχ(X) κ , by Proposition 3.9 in [2], there exists a cover G of Xs consisting of Gcκ -sets each of which is
contained in the closure of a set of cardinality not exceeding κ . Since the elements of G are Gcκ even in X , we may apply
Theorem 1 to ﬁnd a subcover G′ of X satisfying |G′|  2κ . This in turn implies that X and a fortiori Xs have a dense set
of cardinality at most 2κ . As Xs is power homogeneous, we may apply Ridderbos’ inequality |Xs|  d(Xs)πχ(Xs) [5]. This
obviously completes the proof. 
We ﬁnish with some further remarks on the cardinal function Fc .
Proposition 1. For any space X we have Fc(X) aLc(X)t(X).
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each α let Uα be a collection of open sets satisfying {xβ : β < α} ⊆⋃Uα and ⋃Uα ∩{xβ : α  β < κ+} = ∅. As t(X) κ , we
have that the set Y =⋃{{xβ : β < α}: α < κ+} is closed. Since U =⋃{Uα: α < κ+} is an open cover of Y and aLc(X) κ ,
there exists a collection V ∈ [U ]κ such that Y ⊆⋃V . For each V ∈ V there is αV such that V ∈ UαV . As |V| κ , there is
some γ < κ+ such that αV  γ for any V ∈ V , but this is in an evident contrast with the fact that V covers Y . 
Notice that, the above proposition may fail for F (X) in place of Fc(X). For instance, we have t(K (ω)) = ω, aLc(K (ω)) = c
and F (K (ω)) = 2c.
Proposition 1 suggests a possible way to strengthen Bella–Cammaroto’s inequality |X |  2aLc(X)t(X)ψc(X) , true for any
Hausdorff space X [1].
Question 1. Does the inequality |X | 2aLc(X)Fc(X)ψc(X) hold for any Hausdorff space X?
Actually, a positive answer to this question would be a simultaneous generalization of the inequalities of Juhász–Spadaro
and Bella–Cammaroto.
References
[1] A. Bella, F. Cammaroto, On the cardinality of Urysohn spaces, Canad. Math. Bull. 6 (1988) 153–158.
[2] N.A. Carlson, J.R. Porter, G.J. Ridderbos, On cardinality bounds for homogeneous spaces and the Gκ modiﬁcation of a space, Topology Appl. 159 (13)
(2012) 2932–2941.
[3] N.A. Carlson, G.J. Ridderbos, On several cardinality bounds on power homogeneous spaces, Houston J. Math. 38 (1) (2012) 311–332.
[4] R. Engelking, General Topology, Heldermann-Verlag, 1989.
[5] G.J. Ridderbos, On the cardinality of power homogeneous Hausdorff spaces, Fund. Math. 192 (2006) 255–266.
[6] S. Spadaro, Short proof of a theorem of Juhász, Topology Appl. 158 (16) (2011) 2091–2093.
